RIMS-948 
October 1993 



Level two irreducible representations of U q {sl2 / 
vertex operators, and their correlations 



Makoto Idzumi 1 ' 2 

Research Institute for Mathematical Sciences 
Kyoto University, Kyoto 606, Japan 



Abstract 

Vertex operators associated with level two U q {sl2) modules are 
constructed explicitly using bosons and fermions. An integral formula 
is derived for the trace of products of vertex operators. These results 
are applied to give n-point spin correlation functions of an integrable 
S = 1 quantum spin chain, extending an earlier work of Jimbo et al 
for the case S = 1/2. 
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1 Introduction 



Since Drinfeld |IJ and Jimbo @ introduced quantum groups, which are one 
parameter deformation of the universal enveloping algebras of Kac-Moody 
Lie algebras with the Hopf algebra structure, it has been recognized that, 
besides purely theoretical interests from mathematics, the quantum groups 
have many applications and play important roles in various fields in mathe- 
matics and physics. 

Finding out explicit constructions of fundamental representations of the 
algebra is a natural and important subject in the study. Level one irre- 
ducible highest weight modules were constructed by Frenkel et al || for 
simply laced quantum affine algebras, the construction being called bosoniza- 
tion; the structure of the modules was entirely analogous to the Frenkel-Kac 
construction for affine Lie algebras. Constructions of irreducible modules 
of higher levels are, however, quite involved and there is no general recipe. 
An exception is the construction via Wakimoto modules for generic complex 
value of level j|, ^ ; but it seems that the construction for integral level is not 
complete yet, in which one needs to take quotient to get the irreducible one. 
Bernard || found construction of level one modules over Ug(B^); his results 
for U q (Bi) can be translated into those for level two f/ g (sZ 2 )-modules. One 
of the aims of this paper is to recall a part of his results and to give explicit 
constructions of level two irreducible highest weight modules over the quan- 
tum affine algebra U q (sl2), which we denote V(2A Q ), V(2Ai) and ^(Ao + Ai) 
(Aj being the fundamental weights of s/2); the modules are constructed in 
terms of a single boson, a fermion of Neveu-Schwarz or Ramond type (ac- 
cording to the highest weights 2A ,i or A + Ai, respectively), and the weight 
lattice of s/ 2 . The result is analogous to that for sZ 2 by Lepowsky et al [0]. 

Our second aim is to give explicit forms of g-deformed vertex operators of 
type I (in the sense of Ref.J|) associated with the level two modules defined 
as homomorphisms of f/^s^-modules 

$(*) : V(X m ) — > V(A 2 _ m ) ® V z 

where X m = (2 - m)A + mAi, m = 0,1,2, V z = V <g> C[z, z~\ V ~ C 3 . In 
conformal field theories (CFTs) vertex operators of this type associated with 
the affine Lie algebras are called primary fields, and their n-point functions 

(\\§{zx) ■ ■ ■ $(z n )\\) (| A) : highest weight vector) (1) 
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describe correlations of primary fields. The n-point functions ([I]) satisfy 
differential equations called the Knizhnik-Zamolodchikov (KZ) equations. 
Analogously, Frenkel et al || considered the n-point functions (|TJ) for the 
g-deformed vertex operators, and showed that (P satisfy difference equa- 
tions called the g-deformed Knizhnik-Zamolodchikov (q-KZ) equations. We 
generalize ([!]) and consider 

tr nA) (rVM*i)---^n)) (2) 

for the vertex operators associated with level two irreducible modules over 
U q (sl 2 ), where £ and y are free parameters, d the grading operator in U q (sl 2 ), 
and a the simple root of s/ 2 ; the previous ones ([!]) are obtained from ours (Q) 
by specializing £ — > as coefficients of appropriate powers of y. We note that 
our n-point functions (U), too, satisfy g-difference equations of g-KZ type (cf. 



Refs. |u| [11], |12l ; we will not study the difference equations in this paper). 
The goal of this paper is to give an integral formula for the n-point functions 
(0); the final formula is eq.([52|) or eq. fl53|) . We shall observe that the integral 
formula gets simplified at a special value of the parameter £ = g 2 , which 
is due to delta functions arising from the fermion trace; this special case is 
important because the formula just at £ = q 2 has an application in the study 
of correlations in integrable spin systems and lattice models. 

In recent progress in the study of integrable quantum spin systems and 
lattice models it has been recognized that the g-deformed vertex operators 
play important roles in the models that have quantum affine algebra sym- 
metry H, [13], [lOfl . Davies et al || recognized that the XXZ model, a spin 1/2 



quantum spin chain, has an exact symmetry [H, U'Js^)] = 0, H being the 
Hamiltonian, t/g(sZ 2 ) a subalgebra of t/ g (sZ 2 ) without the grading opera- 
tor d; they conjectured that the space of states is a level zero U q (sl2) module 
T = © A>v V{\) ® V{\')* a ~ AiA , Hom c (K(A), 7(A)), A, A' being level one 
highest weights in their physical state in (C 2 )®°° is identified with 

a vector in T via g-deformed vertex operators; they succeeded to construct 
the creation/annihilation operators in the model and diagonalize the Hamil- 



tonian. Following this work Jimbo et al |13| showed that an arbitrary zero- 
temperature spin correlation function of the XXZ model is formulated as a 
trace of the product of vertex operators over an irreducible highest weight 
U q (sl2) -module of level one. They obtained an integral formula for the n- 
point function using the Frenkel- Jing construction of level one modules [S] • 
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Extensions to higher levels (spins) and incorporations of the formulation in 
|| were done by Idzumi et al [ p~Cf| . 

A motivation of the present paper was to extend the work of Jimbo et al 



[ p~3|j for the case S = 1/2 to S = 1. We will apply our integral formula for the 
level two vertex-operator 2n-point functions to zero-temperature spin n-point 
correlation functions of an integrable S = 1 spin chain which is an integrable 



extension of the XXZ model to spin one: H 
where 



E 



h 



s x ® s x + s v ® s y + ch(2?7) • s z ® s* 



lez 
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+2sh 2 {rj) 
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id + id 
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- 2 ■ id <g> id 



+ (2 + 4e- 11 ch 2 (r ] )) ■ (s a 
+ {2 + e^) ■ s z ® s z {s x d 



®s x + s y 
s x + s y ® 



(3) 



here we have set q = —e~ v . We note that they can be regarded as the thermal 
average of a product of in-row n variables for an integrable nineteen-vertex 
model, whose Boltzmann weights being given by 
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where b = q 2 {w — z)(q 2 w — z)/d 2 d4, C\ - 
w 2 (l-q 2 )(l-q A )/d 2 d i) e x = z(l-q A )/d 4) e 2 



(4) 



z 2 (l-q 2 )(l-q A )/d 2 d 4 , c 2 = 
- — g 4 )/o?4, p = q 2 {w — z)/d^ 



gi = z(w - z)(q 2 w - z)q(l -q 2 )/d 2 d^, g 2 = w(w - z)(q 2 w - z)q{\ - q 2 )jd 2 d^ 
hi = z{w — z)(q 2 w — z)q(l + q 2 )(l — q A )/d 2 d^ h 2 = w(w — z)(q 2 w — z)q(l + 
q 2 ){l - q A )/d 2 di, o = 
d 2 = w — zq 2 , d A = w 

Finally we give a remark. The vertex-operator correlation functions (0) 
for general level can be calculated through the Wakimoto constructions of 



q 2 {w — z){w — q 2 z) + (1 — g 2 )(l — q i )zw/d 2 d A with 

4 

■ zq . 
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highest weight modules which are not irreducible by themselves; cf. [11 0]. 
The final formula includes the Jackson-type integrals. Compared with their 
approach through the Wakimoto constructions, our bosonizations are more 
direct and our final formula (|52|) or ( |53| ) for (0) gives rich information on 
the properties of the correlations @, although we are restricted to level two 
only. 

The paper is organized as follows. In Section |2| we give several defini- 
tions needed in the subsequent sections: the quantum affine algebra U q (sl2), 
the Drinfeld realization of the subalgebra L/^(s/ 2 ), irreducible highest weight 
modules of level k, associated g-deformed vertex operators, their n-point 
functions and spin correlation functions for the spin-fc/2 analog of the 
XXZ model; there we will not specialize the level and we will give definitions 
for general positive integer k. From Section |3| to the end we consider k = 2 
only. In Section |3] we give explicit constructions (bosonizations) of level k = 2 
irreducible highest weight modules over U q (sl2); besides a boson contained 
in the Drinfeld realization of U'Jsl-i), we need a Neveu-Schwarz or Ramond 
fermion as well as the weight lattice of s/2. In Section f| we present explicit 
forms of vertex operators (VOs) (Eq.(pEOD) and prove intertwining relations 
with Chevalley generators. In Section [| we give an integral formula for the 
VO n-point function; it is an n-multiple contour integral of a meromorphic 
function (Eqs.fl52"|) and (|53|): the main result of this paper). We illustrate 
it for the VO two-point functions in Section |5.4| . In Section |6| the simpli- 
fication at £ = q 2 mentioned earlier is explained. As an example we show 
all VO two-point functions simplified at £ = q 2 (Section |6.1| ). Finally we 
give an application to the spin correlation functions for the spin-1 analog of 
the XXZ model, which corresponds to a further specialization of the general 
formula (Section |6.3|) . In Appendix we assemble some formulae concerning 
boson fermion calculus needed for the proof in Section [| and calculations in 
Section H. 



2 Definitions for general level k 

We give here definitions needed in this paper, which are the algebra U q (sl2), 
irreducible highest weight modules, vertex operators and their n-point func- 
tions. Spin correlation functions are also given. We shall follow the notations 
of Ref.Q. 
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In this section we do not specialize a level k G Z>o- In the subsequent 
sections where we shall give explicit constructions of modules and vertex 
operators, we shall fix the level k = 2. 

Throughout this paper we assume q n ^ 1 for any n G Z^ - In an appli- 
cation to a spin chain or a vertex model we further assume \q\ < 1. 



2.1 Quantum affine algebra U q {sl2) 

We give a definition of the quantum affine algebra U g (sl 2 ) which is a defor- 
mation with a parameter q of the universal enveloping algebra of an affine 
Lie algebra si?. 

We first fix the notations for the affine Lie algebra sfa- Let A , Ai be 
the fundamental weights and let S be the null root. They span the weight 
lattice P = ZA © ZA 1 © ZS. The simple roots are given by a 1 = 2A 1 - 2A , 
ao = 5 — a,i. We normalize the invariant symmetric bilinear form on P by 
(ai, = 2. Let P* be the dual lattice to P and let {ho, hi, d} be the basis of 
P* dual to {A , Ai, 5} with respect to the natural pairing ( , ) : P x P* — > 
Z. Therefore 

f 2 a = j) 

(h u hj) = _ 2 ^ ■J.j , d) = <S ii0 , (d, d) = 0; 

(A,, A,) = 1^!^,!, (A,, 5) = 1, (5, 5) = 0, (5) 

i \ 1 1 2 (« = j) , . , r 
(ai,aj) = | _ 2 h^A > K,Ao) = di,o- 

We use the standard notation p = Ao + Ai. 

The quantum affine algebra U q (sl2) is an associative algebra over a field 
F = C with unit 1 generated by e i? = 0, 1), q h (h G P*) with relations 

qhqh , = qh+h ^ q0 = ^ 
q h e iq - h = q^a, q h f t q- h = q~ {ai ' h) fi, 

Cj/j /j^i g— 1 ^ ^ 

e f e i - [3] e i e i e i + [3] e i e i e i - e i e f = (» ^ i)> 
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f!fj - whit* + Wif^fi - fjf! = o (« + j) 

where h, h' G P*, i,j = 0, 1. We use the notations 



[x] = £-±l, [n]! = [n][n-l]...[2][l], 



n 



n ! 



[k]\[n-k]V 

The coproduct and the antipode are given by the formulae 

A( ei ) = e< ® 1 + 1< <g> e i; A(/ 4 ) = £ <g> tr 1 + 1 ® / i} A(g h ) = q h ® g\ 

a( ei ) = -tr'ei, a(/0 = -/A, a(g fc ) = ^ (/i G P*) 

which equip U q {sl> i ) with a Hopf algebra structure. 

The generators {e^, /j, = = 0,1} generate a subalgebra U'Js^) 
of E/ ff (sZ 2 ). Drinfeld @ introduced a new realization of U'Jsl?) which is 
convenient for our aim: let A be an algebra generated by x^im G Z), a m (m G 
Z^o)j 7 and (which we refer to as Drinfeld generators) with relations 

7: central 

[2m] 7 m - 7" m 
m q~ q 

[a m ,K] = 0, 

r ±1 - _ J 2m ] =p— ± 

M = —^—^"^m+n - 7 ^ (m ^V m+ n), (6) 



where 



\x 

q-q 



J2^ m z~ m = Kexpdq-q- 1 )^^-" 1 ) 

oo oo 



m=0 m=l 



Oj—m.Z I 



and if)- m = fm = for m > 0; here the bracket [x,y] means xy — yx. 
The equations for the formal Laurent series are to be interpreted as a set 



6 



of equations for coefficients. The essential theorem is that the algebra A is 
isomorphic to U' q (sl2); the Chevalley generators are given by the identification 

t = l/K" 1 , h = K, ei = x£, fx = x^ , e = x^K' 1 , f = Kxt v 

(7) 

We identify the algebra A with U' q (sl2)- The coproduct of the Drinfeld gen- 
erators is known partially: for n > and 1 > we have |15| 

n-1 

A(x+) = xt <g> 7 " + l 2n K ® x\ + l {n+3i)/2 ^n-i ® 7™~X + 

i=l 

modAL ® iV 2 , 

i-i 

A(x+ ) = x+ ® 7 -' + fT" 1 ® x+ + £ ® 7~' +i ^ 

i=l 

modAL ® JVj, 

z-i 

A(arf ) = ®x^ + xl ® K + J2 T^z-i ® 7~* /2 ^i 

i=i 

mod AT 2 ® iV + , 

A(x:j = r n ® + * =n ® 7 - 2n ^ + E7^:« +i ® 7 - (4n - 3l)/ V-* 

i=l 

mod AT 2 ®iV + , 

A(ai) = ai® 7 ?/2 + 7 3Z/2 ® a x mod iV_ <g> JV+, 

A(a_ ; ) = a-i ® 7 _3 ' /2 + 7~' /2 <g> a_ ; mod iV_ <g> iV+; (8) 

here iV± and N\ are left F[7 ± , Vv, <Ps\r, — s G Z> ]-modules generated by 
{a^j|m G Z} and {x^a;^|m, n G Z} respectively It gives sufficient informa- 
tion for our study (we do not use A(x~),m G Z, in this paper). 

We will use the coproduct and the antipode to define a tensor product 
and dual representations, respectively. Let (7iy, V) be a representation. The 
tensor product representation (iiv®w, V ®W) is defined to be nv®w = ij^v® 
Tiw) A. The dual representations (iiy , V*) are defined to be iiy = 
t iTy o a ; we also refer to them as modules V* a . Note that the V"* are 
left modules. 
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2.2 Finite-dimensional representations 

For a positive integer k let = ® k =0 Fuj be a (k + l)-dimensional vector 
space. The following gives the irreducible (k + l)-dimensional representation 
(tt, W fc )) of the algebra U' q (sl 2 ): 

7r(ti)uj = g fe_2 X-, T(ei)«j = b>j-i, 7r(/i)wj = [A; - j'K+i, 
7t(* ) = 7r(*i) -1 , vr(e ) = 7r(/i), 7r(/ ) = 7r(ei) 



or 



where 



7r(7)-Uj = -Uj, ir(K)uj = q k 2:j Uj, ir(a m )uj = a J m Uj, 



= _ WW 5 m(fc-j+l) + W 



m 



mm 



m 



Put = <S> F[z,z 1 ]. Then, the following gives a representation 
(7r z ,V;( fc ))off/ (? (s/ 2 ): 

7r 2 (:r) = n(x) <g> id for x = ei, /i, ti, to, 

vr z (e ) = 7r(/i) <g> z, 7T 2 (/ ) = 7r(ei) <g> 
7r z (q d )(uj ® z n ) = q n Uj (g)Z n 

or 

tt 2 (7) = t(t) ® id, tc z (K) = tt(K) <g> id, 7r z (a m ) = vr(a m ) <g> z m , 

Later, when considering an application to a spin chain or a vertex model, 
we will need the following isomorphisms between left [/^(s^-niodules: 

u v (k) * a±1 



y(k) 



where 



Uj i — ► CjU-l-j (j = 0, l,...,k) 



k 
j 

We shall denote Cj = c\ (we do not use c~ in this paper). 



(9) 
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2.3 Irreducible highest weight modules 

Set P + = Z> A + Z> Ai. For A E P + , a U q (sl 2 )-mo<Me V(X) is called 
an irreducible highest weight module with highest weight A if the following 
conditions are satisfied: there is a vector |A) € ^(A), called the highest weight 
vector, such that q h \X) = q^\X)(h G P*), e;|A) = ff' hl)+1 \X) = 0(i = 0, 1), 
and V(X) = U q {sl 2 )\X). We say that V{X) has level k if 7 |A) = q k \X). The 
V(A) has a weight-space decomposition V(X) = Q)^pV(X)^. We write the 
weight of a weight vector v as wt(v). We use the notation X m = (k — m)A + 
mAx, m = 0, 1, . . . , k, for level k highest weights. 

2.4 Vertex operators 

Vertex operators of type I are mappings 

s£-- v (*) : v(x m ) — v(x k _ m ) ® (io) 

that commute with the action of the algebra U q (sl 2 ) (intertwiners), i.e., 

A(i)o$(z) = $(z)oi for x e U q (sl 2 ). (11) 

A convenient normalization is 

^ mV (z){\X m )) = |A fe _ m ) ®u fc _ m + .... (12) 

Let us write 

k 
3=0 

and call the j-th component of $(z). 

It was proved that vertex operators & x k ~ mV (m = 0,1, ... ,k) which we 
defined above exist uniquely up to normalization [jnj . 

Precisely speaking, the right hand side of ([U]) is to be interpreted as 
©ii Uu V(Xk-m)v® (Yz )n-v\ but we will not go into such details on topology. 

2.5 Vert ex- operator n-point functions 

The aim of this paper is to get an integral formula for the n-point function 
of vertex operators 

*£?.,J*i. ...,z n \£,y) = tr nA )(r 2 V$n(2i) " " " KM) (13) 
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where y a acts as y a v = y( Q ' wt w)u on v G V(A); $^(2:1) • • -&i n (z n ) being the 
(ii, . . . i n )-component of a composite mapping 

($(zi) <g> idy®... 0V ) • • • ($(*n-i) ® idy) ° : 

V(A)— >V(A)®V z ^®...®Vi fc ); 

it is understood that $ in (> n ) : V(A) -> V(<t(A)), 3^ (zn_i) : V(<r(A)) -> 
V(A), etc., where <j(IAq + mAi) = mAo + iAj; note that n must be even 
unless fc =even and A = (k/2)(A Q + Ai). £ and 7/ are free parameters. We 
assume |£| < 1 to make the trace convergent. 

2.6 Spin correlation functions 

We first introduce the inverse of the vertex operator. Then we give a formula 
for a spin correlation function of an S = k/2 quantum spin chain or an 
integrable vertex model (which is defined to be the vacuum expectation value 
of an n-point local operator in the spin chain, or the thermal average of an 
in-row product of n variables in the vertex model). As we shall see the spin 
n-point correlation function is obtained from the vertex operator 2n-point 
functions ([TSj ) by specializing parameters. 

2.6.1 Inverse vertex operators 

Let &^™_ mV (z) be vertex operators 

3fc_ m v(*) : V{\ k - m ) ® Vf ) — V(X m ) 
which commute with the action of U q (sl2) (intertwiners) with normalization 

^r_ m V<>XI A fc-™> ® U k~m) = |A m ) + . . . . 

(the omitted terms . . . have weight not equal to A m ). A natural identification 
of V(p) ® Vj k) -> V(X) with V(p) -> V(X) ® V; (fc) * a (as £/ 9 (s/ 2 )-intertwiners) 
and the isomorphism V^l 2 — Vj k ^* a yield 

*W» = ^ZLk-ii**- 2 ), m = 0,l,...,fc; (14) 
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c m being given by (|9]). They are regarded as the inverses (up to constant 
factors) of the previous ones in the following sense (for the proof see [|T0|1 ): 



9x m x idy(A m ), 
9\m x ic V(A fc _ m )®v 



Jk—m)m 



where 

9x m = q 

We shall frequently use the notation 



k 
m 



(q 



2(fc+l). 4\ 



(q 2 ;q')c 



(15) 



11(1 



— zx 



n=l 



2.6.2 Spin correlations 

The Hamiltonian of the integrable extension to spin k/2 of the XXZ model 
(we call the spin k/2 analog of the XXZ model) is defined by 



lez 



1+2 l+l I l-l 

1 <g> h <g> 1 



-l) k (q k - q 



dz 



R(z,l) 



z=l 



(16) 



here R is a ^(s/2)-homomorphism, called the i?-matrix, 

R( Zl /z 2 ) : ® — ► vj) ® yj>. 

The i?-matrix itself defines an integrable + 1-state vertex model. 

In the formulation of Refs. || |1^, |1(J the vacuum expectation value of a 
local operator L e End(V^ fc )® n ) (where V^® n is understood as nth to 1st 
components in ^/( fc )®°°) i s given by |10| 



(L) 



(A) 



tr 



V(A) 



,21 



tr nA )(g- 2 ^) 



(17) 



11 



where p = A + Ai and 

eit., Zl ( L ) = (®x\zm • • • , zrY 1 o (id y(A(n)) ® L) o $i n) (z n , . . . , Zl )), 



= (s$tY> (z n ) ® id v ®... m ) o • • ■ o (^ v (z 2 ) ® idv) o $f )y (^), 



sSrw..,*)- 1 

= $W(*0 ° (^AWy(^) ® idy) o • - • o (ij^'W ® id^w) 

n-l 

x{g\9\w ■ ■ •fl'At"-!)) -1 - 

A general local operator is expressed as a linear combination of -Ej n j n (8) • • ■ <S> 
so it is sufficient to give a formula for this basis operator (below we 
shall set A = A m ): 



,3 



) 

_ tr V(x m )( q - 2 ^% VM (*i) ■ ■ ■ ^r^(^)^g) ■ ■ ■ , 

(Eij)?? = du'Sjf] A (/) = o-(A ( ^ 1} ), A (0) = Am. Substituting (|TJ) we see that 
the spin n-point correlation function is obtained from a vertex operator 2n- 
point function by specializing the parameters £ = q 2 , y = q^ 1 (cf. p = 
2d + \a): 



(E tnJn ® . . . ® I^)^ = (-l)'™» + *^tJ+»)+Ea.i*« 



/'„2. „4\n n r »_ -i — 1 

x -.-mrgl-(fc-m)|||+^ 1 (fc-i,.)(l-i,) Ig^gJcx. TT 
y " ^2ffe+11.^n 11 



x ^i-? 1 ) ,...,fc-»n,in,..,ji( 2: ig 2 , 2 ,z„,...,2i|g 2 ,g 

trv ( A m) (g- 2 ") ' 1 J 

we have used (|), (fL5|) and introduced = minjra e Z\n > x}, [x\ = 
max{n G Z|n < x}. 

We note that Zj are regarded as the (trigonometric) spectral parameters 
in the lattice model language. For spin k/2 analog of the XXZ model we 
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specialize the spectral parameters to z\ = • • • = z n . For the vertex model we 
are not necessarily to specialize them; in this case Zj is the spectral parameter 
of the jth vertical line and the correlator is for the inhomogeneous k + 1-state 
vertex model. 

Finally we must mention the range of the parameter q. In the application 
to spin correlation functions we must assume that |g| < 1 in order to make 
traces convergent. Furthermore, we assume — 1 < q < 0; this assumption 
seems necessary to verify our identification of the vector \vac) =J2vi®v* G 
V(X) <S> V(\)* a with a physical vacuum (ground state) via a discussion using 
the crystal base (cf. P, |I0[1). We shall see, however, the final formula still 
has a meaning even at positive q; i.e., for \q\ < 1. 

3 Constructions of level two irreducible high- 
est weight modules over U q (sl2) 

We shall give explicit constructions of three level two irreducible highest 
weight modules, V(A), A = 2A , 2A 1 ,A + A 1 . We use the Drinfeld realiza- 
tion of U'(sl 2 ) in which the operators a m generate a boson algebra A. To 
construct boson vacuum spaces we have to introduce a fermion: a Neveu- 
Schwarz fermion for V(2Ai), i = 0,1, and a Ramond fermion for V(Ao + Ai); 
just as in the constructions of level two modules over the affine Lie algebra 
sl 2 . 

We first define a total Fock space T in which the irreducible modules 
are to be embedded. The structure of the total Fock space is as follows: 
T = AQ, where Q is a boson vacuum space (i.e., each vector in fl generates 
a boson Fock space); the fl is realized by a product of the group algebra of 
the weight lattice of sl% and a fermion Fock space. The aim is to single out 
the highest weight vector |A) in T and to find explicit forms of the currents 
x ± (z) = Emgz^m 2 "™ as operators on T so that the |A) and the x ± (z) 
generate the irreducible module V^(A). 

It should be noted that the constructions were essentially obtained by 
Bernard who gave in || the level one modules over U q (B^), the case r = 1 
corresponding to ours; but it seems that an explicit exposition in the U q (sl2) 
case is not found in literatures; so we decided to describe it in details without 
proof. 
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From here we fix the level k = 2. 
3.1 Fock spaces 

We first prepare necessary operators and Fock spaces. 

Drinfeld generators a m ,7 form a Heisenberg subalgebra A of the algebra 
U' q (sl 2 ). Let us put 7 = q 2 since we want to construct level two modules; 
then 

r i * PH 2 

[dm, a n \ = d m+n o , TO, 71 G Zi^o- 

m 

We refer to the generators a m as boson; a_ m , m > 0, are creation operators 
and a m , m > 0, annihilation operators. A Fock space of the boson is defined 
as usual which we denote T a = F[a_i, a_ 2 , . . .]: 

^ = F[a. 1 ,a. 2 ,...] = Fa^-.-a^J), 

1 <«!<•••< 2 S 
Til, . . . ,7l s > 

|) (which will be denoted 1 in the following) being a vacuum vector such that 
a m \) = for m > 0, with the natural left action of the boson algebra. 

Let P — Z| and Q = Za be the weight lattice and the root lattice of the 
Lie algebra sl 2 , respectively; the a being the simple root of sl 2 , identified with 
oi\. Let F[P],F[Q] be their group algebras. Elements e n f ,n G Z span the 
vector space F[P]. F[Q] is a subspace of F[P], and F[P] = F[Q] © e?F[Q]. 
We introduce two linear operators on F[P] which are e /3 ( / 9 G Za) and 9 Q 
defined by 

e ft . e /3 2 = e /3 1+ /3 2 e Za> fo e p^ da . e P = ( a> /9 ) e /3 (/J £ P). 

Let us introduce the Neveu-Schwarz fermion {^^^jn G Z + |}, and the 
Ramond fermion G Z}; both satisfy the anti-commutation relation 

g2m _|_ g—2m 

[4>m,<f ) n]+ — 5 m +n,0 ; , • 

q + q- 1 

We have dropped the indices NS, R. Elements 0_ n , n > 0, are creation 
operators and <p n , n > 0, annihilation operators. Construct Fock spaces 
for these fermions as usual and denote them = F[(f)_i/ 2 , (f)-3/ 2 , . . .], 

F<t> H = F[<j)_i, 0_ 2 , . . .]. 
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One should notice that 0o of the Ramond is special since it anti-commutes 
with n (n G Z^o) and 0g = l/[2] ; we must treat the Ramond fermion 
carefully. It will be convenient to write the Ramond fermion as 

<f>n = il>n®(l _A (n^O), 00 = ^0 8) (J J); 

g2m _|_ q—2m | 
[■0m, ^n]+ = <Wn,0 + t (m, 71 G Z^ ), ^0 = [2]~ 5 G F. 



Then 



^ =^®C 2 = F[V-i,V-2,...]®C 2 . 



A convenient basis of C 2 is |e = ±1}; the vectors are eigenvectors of 

0o and flipped to each other by 4> n (n ^ 0) since 

!!)(:)-'(!)• (J -°i)C)=(i 

Define two vector spaces by 

= ^«®^ 5 ®F[Q], (19) 
jF« = T a <g> ® ef F[Q] (20) 

which we shall refer to as total Fock spaces. The boson, fermion, and lattice 
operators naturally act on the spaces (the boson acts on the first component, 
etc.). As we shall see modules V(2Ao) and V(2Ai) are contained in T^ 1 ' and 
a module V(Ao + Ai) is contained in JF^. 

3.2 Irreducible highest weight modules V(2Aj), % = 0, 1 

We first consider an irreducible highest weight module with highest weight 
2A or 2Ai. 

We define the action of Drinfeld generators 7 and K as 

7 = g 2 , K = q d ". (21) 

Then, from the Drinfeld relations @, explicit forms of currents (or generating 
functions) 

meZ 
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as operators on the total Fock space 

^(0) 

are determined to be 

x ± (z) = [2\^E%{z)E^{z)(j){z)e ±a z^ da \ (22) 

00 n 00 n 



^2) being the Neveu-Schwarz fermion field 



(«)= £ <^~ n ; 

nGZ+| 



equations ( p2|) are to be understood as a set of equations for coefficients. We 
have defined the action of the algebra U'Jslz) on the total Fock space 

^(0) 

i.e., J 7 ^' is a L^(sZ 2 )-Hiodule. 

A vector 1 with weight 2Aq (cf. 7 • 1 = q 2 l, K ■ 1 = 1) generates a 



C/g(sZ2)-submodule 

4 0) = F 1 ® {(^Z ® FPQ]) ® Wf[2Q])}; 

this subspace of is identified with V^(2A ), the highest weight vector 
being 1. 

A vector e a with weight 2Ai (cf. 7 • e Q = g 2 e°, • e a = q 2 e a ) generates 
a [7g(s/2)-submodule 

f m = r a ®{(F?Zl®q a F[2Q})®(^ s ®nmy, 

this subspace is identified with V(2Ai), the highest weight vector being e a . 
Note that the total Fock space is a direct sum of the two subspaces 

.F(°)=4 )®jr(°). 

Define the operator d by 

d=-t^ m -J2kNt- 1 -dl + ^ (23) 

m=l fc>0 4 

where 

<=i£p G -^- ^= g ^V g -^ ^ m (m>0) - (24) 

This operator is identified with the grading operator d in the algebra U q (sl2); 
with this d and setting A = 2Aj we have irreducible highest weight modules 
V(2Ai) ~ ^i 0) (± according to i = 0, 1) over U q (sl 2 ). 
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3.3 Irreducible highest weight module V(Aq + Ai) 

Now we consider an irreducible highest weight module with highest weight 
A + Ai. 

The action of Drinfeld generators 7 and K is defined as before. Explicit 
forms of currents as operators on the total Fock space JF^ 1 ) are the same as 
( P%D except for the fermion field to be replaced by the Ramond one 

<t>( Z ) = <PnZ~ n . 
neZ 

Thus we have got a [/'(s^) -module J 7 ^'. 

1\ , . . n 



Fix a one of the vectors f J, e — ±1. A vector ^ J <g> with weight 

Ao + Ai (cf. values of 7 and K on this vector are q 2 and g respectively) 
generates a ?7g(s/2)-submodule 

jf> = T a ® {(Jt R en ® ( ]) ) © (^S ® ( _ X e ) )} ® e*F[Q]; (25) 
this subspace of is identified with V(Ao + Ai) with the highest weight 

(1\ a. 

vector \ J ® e 2 . 

The total Fock space is a direct sum of the two subspaces J-); 1 ' 

Introducing the operator d defined by ( p3|) with A = A + Ai and the 
fermion being the Ramond one we have an irreducible highest weight modules 
V(A + AO ~ TP over U q (sl 2 ). 

3.4 Characters 

Characters 

tr v(x)(C 2d y 9a ) 

for irreducible highest weight modules V(X), A = 2A ,2A 1 , A + Ai, can be 
computed directly: 



tr iwrv-) = c* {2AiMi) x [tr Mc 2d 'y da ) 



17 



tr y(A 0+Al) (r 2 V Q ) = y{-e-, eui-ev 2 -, eu-y- 2 -, eu 

where d! = d — (A, A)/4 in V(A), and G{ indicates operations on arbitrary 
functions of £ 

/(£)"< = !(/(£) ± /(-£)) (± according to i = 0,1). (26) 
In particular, a specialization £ = q 2 , y = q' 1 yields tr y(2A l )(<7~ 2p ) = 

q~ 2i (-q 2 ; g 2 )oo(-g 4 ; g 4 )oo, tr v^a^ 2 ?) = g _1 (-g 2 ; g 2 )oc(-<? 2 ; g 4 )oo- 
3.5 Boson calculus, fermion calculus 

Later, when we prove intertwining relations for vertex operators and calculate 
n-point functions, we shall need several formulae concerning calculus on a m 
and0 m . We have assembled some of them in Appendix: formulae for operator 
product expansions, normal ordering, and traces. 



4 Vertex operators 

We give expressions of level two vertex operators associated with our explicit 
constructions of level two irreducible highest weight modules over U q (sl 2 ); 
see (|T0D, (pTTf) with k = 2. First we present explicit forms of components 
$j{z)\ then we give the proof. 

4.1 Intertwining relations 

By definition the vertex operator must satisfy intertwining relations ([TT|) . 
Let us write down the relations for the Chevalley generators (we write them 
in terms of xj; cf.(|7|)): 

A: [* 2 {z),xz]# = $ 1 (z) (27) 

[*i(z),*5-] = [2]$ (z) (28) 

[%{z),x ] q -2=Q (29) 

/ : [*2{z),x± 1 ] = (30) 
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[Q 1 (z),x± 1 ] = [2]z-H?Q 2 (z) (31) 

[%(z),x+_ 1 ] = q- 2 z-H- l 1 <$> l (z) (32) 

ei : [$ 2 (z),xt]=0 (33) 

[* 1 (z),x+] = [2]t 1 Q 2 (z) (34) 

[$<,(*), 41 = *i$i(*) (35) 

e : [$ 2 (z),arr],-2 = ^$1(2) (36) 

[$ 1 (^),xr] = [2]^ 4 $ (^) (37) 

[$0(^,^,2 =0 (38) 



and 



t^QjWh = t^j(z)t = q-WQjiz). (39) 

Here [A, B] x = AB - xBA. 

4.2 Explicit forms 

Components of the (unnormalized) vertex operator, which satisfies intertwin- 
ing relations, are proved to be 

$ 2 (z) = F < {z)F > {z)e a {-q A z)^ a % 

$i(z) = <f 7^D 1 (z, w^wt) : $2(z)x^( Wl ) :, (40) 

$0(2) = j> j> ( ^D (z,w 1 ,w 2 )(f)(w 1 )(f)(w2) : ^ 2 (z)x-(w 1 )x-(w 2 ) :, 
where 

F<(z) = exp ( £ ^ 5m z m ), FUz) = exp ( - £ ^f^l 
n( )= 1 ~ g 4 1 I w i I I g 6 ^ I 1 

nf , (I-? 2 ) 2 .^..^ 
D (z,w 1 ,w 2 ) = =-2 rr n 2^7V71 bTv "H. < !| 

the contours for the w-integrals are anti-clockwise in the regions indicated 
after the definitions of D and D±] the £ ± (w) are currents without fermion: 

x±(z) = [2]3£±(2)£±(z) e ±a z2±3a\ 
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The expressions for $1, $o were obtained from $2 using ( p7| ) and (|28|). 

^■(2) are regarded as mappings — > J 7 ® (we must choose the NS, R 
fermion for i = 0, 1, respectively) as well as V(A) — > V^(er(A)); cr being defined 
by cr((2 - m)A + mAi) = mA + (2 - m)A 1 , m = 0, 1, 2. 

The vertex operators with normalizations flT2|) are given by 

mi v ( Z ) = 

^aS v (*) = (V^); (4i) 

at the second identification we have chosen the realization V(A +Ai) = 
The factors were derived by applying our $(2) to the highest weight vectors 
in our representations. 

The equation for $ 2 is derived (guessed) as follows: recall the coproducts 
for the Drinfeld generators (H) and write down intertwining relations for a m , 
x n and K; then we have equations to be satisfied by $2 : 

a m $ k (z) - ® k (z)a m = g (f + 2 )-M^$ fc (^) for m > , 

m 

a_ m <5> k (z) ~ M*)a-m = q -( k 2+^\M z -m Mz) for m > 0) 

m 

$ fe (2;)a; + (w) - x + (w)$ fc (z) = 0, 
K® k {z)K- 1 = q k $ k (z); 

put k = 2 (level) for our aim; first two equations determine the boson part 
of $2(2) and the last one requires e a ; the third equation is satisfied by our 
$2(2), so we expect that our $2(2) is probably correct. 

In fact the vertex operator we proposed does actually satisfy all the in- 
tertwining relations, which we will prove now. 



4.3 Proof of the intertwining relations for the Cheval- 
ley generators 

We prove here that our vertex operator does satisfy intertwining relations for 
the Chevalley generators. We use the operator product expansion 

0(wi)0(w 2 ) = (0(wi)0(w 2 ))+ : (j>{wi)(j)(w2) :, etc.; 
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see Appendix A. 2, A. 3 for definitions and notations. 

Clearly the relations (^) are satisfied by our $j. Among the rest relations 
we shall prove here four typical ones which are ([J3|) , fl3"5| ) , Q53[ ) and ( P3| ) ; one 
can prove other relations in almost similar ways. 

Proof. (|33|) : it holds trivially since [$2(2), x + (w)] = 0. 

dw 



/dw 
— [$ (z),x-(w)] q 2 

dw\ r dw2 f dw 3 (1 — q 2 ) 2 



2ni J 2ni J 2ni —q u z 3 

x n,=i, 2 ,3{(i- 9- 2 ^)oo(l-g 6 ^-)oo} 

x\ Wl (1-q —)+q (1-g — H 

1 W 3 W 3 W 2 } 

*<i>(wi)<i>(w2)<f>(w a ) : ®2(z)x~(w 1 )x~(w 2 )x~(w 3 ) : 

Expand the {• • •} and first examine the first term; it is an odd function with 
respect to w 2 <-> w 3 and the w 2 -, u>3-integrals are independent [note that the 
factor (1 - g 2 ^)(l - q 2 ^) cancels the poles at sa = q ±2 of ((j)(w 2 )(f)(w 3 ))]; 
therefore this term vanishes after w%-, ^-integrations . Similarly the second 
term vanishes after w±-, ^-integrations. Therefore we get [$o(z), x i]q 2 — 0. 
(|34|): we will need the operator product expansion (OPE) of <p(w)<p(wi). 

dw (j)(wi)(j)(w) r dw Mw)<f>{wi) 

1 (W) f r (w) 

Ci 2m W\ — w JCi 2m w — w\ 

dw j?( I dw Z7Y x^M^M) 
-.r (W) f :r[w) 



Ci 2m' wi — w Jc 2 2m w — W\ 

r dw : (j)(wx)(/)(w) : r dw : (f>(w)(f>(wi) : 
+ f -.b (w) f : t\w)- 



\ch 2m W\ — w Jc 2 2m w — W\ 

C\ being a contour in a region \w\< \q ±2 W\\, C2 in \w\ > \q T2 Wi\ and 
, dw\ 1 — q 4 (w — q A z) : ^ 2 ( z )x~(wi)x + (w) : 

r (w) — 



2m -q 4 z -g- 2 ^)(l - g e 



lu 1 
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The last integral can be replaced by an integral along C\ plus a residue at 
w = w\, the former together with the third term, and the residue, vanish 
respectively because of the anti-symmetry of : <p(wi)(f)(w) :. In the same way, 
deforming the contour C 2 of the second integral and combining with the first 
term, we have 

W — W± > y W — W\ > 

— - — g-r : $ 2 (2;)a; wi) : 

+ / 5-r : $2(z)z~(itfi)z + (g~Vi) : 

J Itxi —qw\\W\ — q A z) 



[2]<fF<(z)F>(*0^(V*)** 

/| 3 6 *I<H] 27ri Wl - q 6 z P \^ [2m] ^ y ; 1 ; 

in, <b 2 z Wi — 2m 



|«>i|<[«a*| Wi - q 2 z ^ [2m] 

The first integral gives the residue at oo which is 1, and the second the residue 
at Wi = which is 0; hence 

= [2}q 2 F < (z)F > (z)q a (-q (i z) 1 z d <* = [2}t^ 2 (z); 

thus we have proved the relation (|34[) . Keys are 



: x [wi)x + (q ±2 Wi) :oc exp(± V] ±m (g m — q 



m>0 



[2m] 



(does not contain boson creation, annihilation operators, respectively) which 
reduce the contour integrals to simple residue calculations. 

(pffi): the proof will go along the same way as the one for (0); but in this 
case we will need the OPE of 4>(w)(j)(wi)(f)(w 2 ) . 

[%(z),x+]^^.^ (z),x + (w)] 

dw (f)(w 1 )(f)(w2)(f)(w) r dw ^(w)(j>(w 1 )<p(w 2 ) 
- — r-r 10 b n r — </> - — :r (w) 



d 2ni (wi — w)(w 2 — w) Jc 2 2iri (w — W\)(w — w 2 ) 
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where 

C\ : \w\ < \w\\, | W2I and \w\ < \q ±2 w 2 \; 
C 2 : \w\ > \wi\, \w 2 \ and \w\ > \q ±2 Wi\ 

(the composition of fermions 4>(wi)(j)(w 2 )<j)(w) requires the second condition 
for C\\ and similarly we need the one for C 2 ) and 



F(w) 



dwi f dw2 (1 — q 



2\2 



x 



2ni J 2iri q 7 z 2 

(w — q i z){w\ — q 2 w 2 ) : Q 2 {z)x~ (w\)x~ {w 2 )x + (w) : 



w Wl w 2 X[ j=x>2 {{l-q-^){l -q^)} 
Substituting the OPE 

<f)(Wx)(f)(w2)(f)(w 3 ) = (0(wi)0(w 2 ))0(w 3 ) - (<f)(Wi)(f)(w3))(f>(w 2 ) 

+{(j>(w 2 )(j)(ws))(f)(w 1 )+ : 0(wi)0(w 2 )0(^ 3 ) 

deforming the contour C 2 to C\ plus ones around poles, as in the proof of 

we get 

[$o(.),4]- i ^ li ^ 2(1_ ^ 2 



2m I 2m q^z 2 ri J= i, 2 {(l - <T a2 ?)(l - q 6 ^)} 
\2}q 4 z 

x{ - Y^4>{W2) ■ § 2 {z)x-{w 2 ) : q da 

(l_ g -2m)( Wl _ g 2 W2) _^ 3 

\A<f ' 1 - ? exp( _ £ (? m _ g -3m )w m) 



1 - q A w 2 ^ [2m 

x<f)(w 2 ) : <& 2 (z)x~(w 2 ) : q~ da 

^ Z (j ) {w l ):^ 2 {z)x-{w l ):q^ 



1-q 4 

(l-q- 2 ^) a. 



-3m\„, — m\ 



w i^2 ^0 [2m] 



[2] (1 - . 6 -)K - q 2 w 2 ) „ m _ ? _ 3m)<) 



1 - g 4 u>i(wi - g 2 w 2 ) [2m] 
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X(f>(wi) : $ 2 (z)x (wx) : q 9q | 



where contours should be \q 6 z\ < \iVj\ < \q 2 z\ and \w 2 /wi\ < \q ±2 \. The 
W7i-integral in the first term gives the residue at W\ = oo; the one in the 
second the residue at Wi — (which is 0); the ^-integral in the third term 
gives the residue at W2 = oo; the one in the last the residue at w<i = (which 
is 0). Thus, the first and the third terms remain non-zero and give the right 
hand side of the equation ( p5*| ) . 

As was noted, the other relations are proved similarly. 

We have completed the proof of the intertwining relations; hence we have 
proved that our expression of the vertex operator is correct. 



5 Integral formula for n-point functions of 
vertex operators 

In this section we derive an integral formula for the n-point function of vertex 
operators (VO n-point function) defined in |5.1| (the trace of the product of 
vertex operators). The final formula is given in fl52|) and (|53D . All the two- 
point functions are shown in [5.4| as an example. 



5.1 VO n-point functions (definition) 

Introduce more notations 

1 oo 

m=l m>0 

the d' is related to the grading operator d by d — d' + j(X, A) in the repre- 
sentation V(A) (cf. d|); see (0) for definitions of N%*). 



We shall give an integral formula for the following traces over Fock spaces 
(HD and flU): 



F^l in (z u ...,z n \Z,y) = tv Tm (C 2d 'y da ®iM)---®in(zn)) (42) 
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where the vertex operators are unnormalized ones (f40|). Since d' is bounded 
from above in Fock spaces we assume |£| < 1 to make the traces convergent. 
The n-point functions of the normalized vertex operators fljip are defined 

by 

Fff^ in ( Zl ,...,z n \^y) = tr m (tY^(^'''\W). (43) 
They are obtained from F as: 

F^°l(z u ...,z n \ty) 

= r^ (2Ao ' 2Ao) ■ (-q A z 1 )(-q 4 z 3 ) ■ ■ • (-gV-0 
J^l(*i,...,*»l£,v) 

= r^ (2Al ' 2Al) -(-gS)(-g 4 ^)---(-g 4 ^) 

n 

= ^-ifAo+A^Ao+AO . e n Y[(- q ^^ . F^ in ( Zl , . . . , y); 

i=i 

Oi being defined in (|26|) . 

If the trace is non-zero, n must be even for FW and it is not 

necessarily so for F^ 1 '^ and F^ Ao+Al \ 

5.2 Traces 

Before taking the trace in the n-point function (pE2] ) it is better to make ev- 
erything in normal order. Then we compute the trace separately for boson, 
fermion, and lattice part (cf. Appendix for boson and fermion). The com- 
putations are straightforward (it is not necessary to introduce an auxiliary 
boson as in Ref.[[H|). Here we only quote results for fermion in order to fix 
the notations. 

Fermion traces are taken over the Fock space or 

Ff = j))©(-^>(_ 1 e )) (* = ±1) (44) 

according to Neveu-Schwarz or Ramond fermion. A fermion trace is ex- 
pressed by a Pfaffian of a matrix G. 

tr (r M VK)-"-0K)) 



F h,...,i n (Zl,---,Zn\£,y) 
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*<r")*pf(G(M» 'f{;!:: v d e d n k„ ^=^ ( 4 5) 

otherwise. 

The matrix G({w}) is defined as follows. If n =even G({w}) is an anti- 
symmetric n x n matrix with entries being fermion two-point functions: 



Gij ({w}) = G{ Wi , Wj ) = — J —, l<t<] <n 



where 



Jim i _— 2m 



= ^ I (-) 



1 (e 2 ;e 2 ) 3 ooe g2 (g 4 ) %(^)%(~^) 
l + g 2 %(g 2 )%(-£g 2 ) W %(g 2 ^)%(g- 2 ^)' 



G ( W1 , W2 ) = £ (-) — 2m 



2m i „—2m 



9 + g- 1 %(g 2 )%(-g 2 ) %(g 2 ^)%(g- 2 ^) 

i (e 2 ;e 2 )LQ, 2 (g 4 ) %((g) 2 ) 
9 + %(? 4 ) e ?2 (g 2 ^)e c2 ( g - 2 ^) 



for Neveu-Schwarz, Ramond fermion, respectively; the expressions are de- 
fined in a region |g~ 2 £ 2 | < \w 2 /wi\ < |<? 2 |; here we have introduced a theta 
function 



neZ 



If n =odd and <p = <p R the matrix G({w}) is an anti-symmetric (n+1) x (n+1) 
defined by 

' i I 0,1,..., n 



G({w}) = [G-^w}) 
G~A{w}) = G~{wi,Wj) 



0,1,. ..,n r 
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1 r,,, ™ Jim i „—2m 



tr tf ,(r M >o) e K 2 ;f)oo .... 
G ^ (W) = tr „,,({-"•) = M^R^' 

For derivations see Appendix. 

Note that the two-point function G(wi,w 2 ) becomes the delta function 
<^)=£ me z^ m at£ = g 2 : 

G a ' u (w 1 ,w 2 ) 2 = J g — j <J(g —J. 47 

(i — 1, according to iVS 1 , i?) 

5.3 Integral formula 

In order to describe formulae concisely let us introduce some notations and 
an order '<': for the set of indices / = {h, ■ ■ ■ ,i n }> which indicate the 
components of vertex operators in the product $^(,21) ■ • • <& in (z n ), let 

h = {l{l<l<n)\i l =j}, Sj = #Ij (j = 0,1,2); (48) 

note that by definition s + s± + s 2 = n; let 

Z = {z,(l < I < n)}, W = {w?(l E h), w?,w$\l E J )} (49) 

where w[ l ' ) is the integral variable (dummy) of $>i(zi),l G I\, and Wip , 



the integral variables of $o(^/), I G -^o (cf- (|40|)); in a set of variables Z UW 
define an order '<' by: (i) if I < V then 

z x < z v , wf < wf\ zi < wf\ wf < z v \ (50) 

(ii) if I = V then 

Zl <wf\ w? <4°(if ie/ ); (51) 
we further define = {w E W\zi < w < zi +1 }. 

Remark. The number of the fermion fields 4>(w) and the number of the 
w-integrals in the product ^^(zi) ■ ■ ■ &i n (z n ) are 2so + si. Furthermore, for 
the nontrivial (nonzero) trace we have Sq = s 2 and, therefore, n = 2sq + Si. 
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After tedious but straightforward computations we obtain an integral 
formula for the n-point function of vertex operators ([12]): 

F ( i ';i tin (z 1 ,...,z n \C,y) 

= aj(Z\Z,y) J] jp-.Bj{W,Z\y)Cf\W,Z\U), (52) 

F ( i 1 1 , 'l ln (z 1} ... } z n \^y) 

= aj(Z\^y) J] fp-.B^Z^C^WZ^y), (53) 

w&W 

where 

ai(Z\t,y) 

= ( i)^ i+y ^" = (i-i)(««-i)[o] 8 i+?"g- 78 o- 3a i+ 4 ^r /( 1 i^ 2 )" 

(£ 2 j £ 2 )oo 

xn^'^njnin/c^ 2 ). 

i=i /e/i ' ielo 1 z<z> z 

Bj(W,Z\0 

ff( n ^^In-^n 1 



(0 11 (0 

z=i L «, e iy ; J leh w 1 i £ i w 2 

X 



n 2 <to /( g 4 Z i£ 2 ) riji;<2 f{ q w \£, 2 j 



Cf\W,Z\t,y) 



w neZ 



Cp'fW.ZIf,!/) 



nez+i 



and 

/(«|a;) = (q 2 z;x) 00 (q 2 xz~ 1 ;x) 



oc ■ 
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The contours of u>-integrals are anti-clockwise around the origin such that 



|^ 2 g 6 z| < \w\ < \q 2 z\ for z < w, \q 6 z\ < \w\ < |£ 2 q 2 z\ for z > w; 
and, additionally, 



KV 2 | < l-l < \q 2 \ 



w 

must be forced if the integrand contains fermion two-point functions G(w, w') 
(w < w') when expanding the fermion Pfafhan G({w}). The fermion traces 
are given in |5.2| and depend on the order in the set W. 

Many of the factors /(— |£ 2 ) in the numerator of the integrand are can- 
celled by those in the denominators of the fermion two-point function G(w, w') 
(cf. Eq.fljBp). Observe that the contours get pinched when letting C, q 2 
with |£| < \q 2 \. We regard the formulae as analytic functions of £, and de- 
fine them outside the region |£| < \q 2 \ by analytic continuation; we shall 



demonstrate it in the next subsection |5~3| . As noted before, just at £ = q 2 , 
the fermion trace yields the delta function (see (|47|)), and the formula gets 
simplified; this point is further discussed in |6.2| . A specialized formula at 
£ = q 2 is important in an application to spin correlation functions of an 



S — 1 quantum spin chain, which will be discussed in 6.3 



Finally we note that ai(Z\£, y) and Bj(W, Z\£) are even functions of £. 



5.4 Example: VO two-point functions 



To illustrate the content of the formula (0), (0), we write down all two- 
point functions of vertex operators: 



X 



dm r dw 2 wjw- V(^|£ 2 )G jVS K^ 2 )(-£; eU £ neZ eV^f)' 

2™/ n M =i, 2 /(^ia 



F$(z 1 ,z 2 \Z,y) = -l2]q-* me)2 



x 



2m J 2m 
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Fg ) (z 1 ,^|e,y) = [2]V 



(£ 2 ;£ 2 )oo ^1^2 



Sl) n 

w 2 ' . 



2iri J 2m 



/(^rie)/(^ie)/(^ie)/(^ie) 



are obtained from by the replacement 



nGZ 



nGZ+i 



The contours are restricted in the regions described below Eqs. (E2f) and 



for example, |£ q Zi\ < \wj\ < \q Zi\ = 1,2), |£ q \ < \w 2 /wi\ < \q \ for 
F$, etc. 

Let us examine the two-point function Fr^ }(zi, z 2 \£, y) as a function of £ 
more closely and show how to obtain its analytic continuations. The factor 
/(^|£ 2 ) in the integrand is cancelled by that from G NS . Apart from poles 
at t; 2n q 6 Zi, ^~ 2n q 2 z i (n — 0, 1, . . .; i — 1, 2), the integrand as a function of w 2 
has poles at 



r~t) —2 r<\ — Z r'Z — Z A f — 'A Z ^—4 Z 

. .., U wi, £ q wi, 4 <? ^i; g wi, 4 g wi, 4 gwi, .... 



-2„-2 



-2„2„ 



-4„2„ 



The original contour of the u7 2 -hitegral is confined in a region between the 
poles £ 2 q~ 2 Wi and q 2 W\. We deform it to a sum of a contour anti-clockwise 
around the origin in a region \q 2 Wi\ < \w 2 \ < \£,~ 2 q 2 Wi\ and a one clockwise 
around the pole at w 2 = q 2 w\ (which counts minus a residue), so as to get 
an expression of F^ as a function of £ in a neighbourhood of £ = q 2 . Noting 
that 



^ I ,4. f 2\ / tf 2. f 2- 



[2] 



-(? 4 ;fUf;f 



the residue at = g 2 ^i is evaluated simply; the result is 



Fg^lCy) 



-^VjfWaif) 2 
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X 



6 \n 



2™ n,=i, 2 {/(^-ie)/(^-ie)} 



+ (double integral with \q 2 \ < I — I < |£ q\). (54) 

Wi 

This is an analytic continuation of the original formula to a neighborhood of 
£ = q 2 . Observe that the second term vanishes at £ = q 2 , since it includes 
a factor 0^2 (g 4 ) which arose from the fermion two-point function; this fact 
follows directly from ([47]). 

6 Simplification at £ = q 2 and an application 
to a spin chain 

We have seen that the formula for the VO two-point functions gets simplified 
when specialized at £ = q 2 (Section |5T4|). In this section we first write down 
all simplified integral formula for the VO two-point functions at £ = q 2 . Then 
we describe how to obtain a simplified integral formula for the VO n-point 
function at £ = q 2 from the general formulae fl5"2|) and (|53|). In this simplified 
formula the number of contour integrals reduces from n to n/2. It is due to a 
property of the fermion two-point function which becomes the delta function 



at £ = q . An application to the 5 = 1 spin chain is given in |T3 
We restrict ourselves to n =even. 



6.1 VO two-point functions at £ = q 2 



(0) n+ C - .2. 



From the first term of the equation ([54]) we get an expression of F20 at £ = q 
similarly we get other VO two-point functions at £ = q 2 : 

F«$( Zl ,z 2 \q 2 ,y) = -g- 10 (g 4 ;g 4 )oo/(l|g 4 r ' 



Z\Z\ 



d,W 1 ^(-^ooEngzeV^r 



2m (g-2m ; g2 )oo(g -2^. g 2 )oo(g 8^L. g2 )oo(g 8^ ; ? 



1 H Joe 



F^( Zl ,z 2 \ q 2 ,y) = -g~ 4 (g 4 ;g 4 )oo/(l|g 4 ) 2 ^^ 

Zl 
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X 



F^( Zl ,z 2 \q',y) = [2]VV;4*)oo/(l|? 



dwi 



n A („,2q"z 1 z 2 \n 



2ttz (q-^f ; g 2 )oo(g 2 f ; g 2 )oo(g 8 t; 9 2 Mg 4 f; g 2 



.^ 2 /(fk 4 ) 



X 



-£;g 4 )ocEnez<r 2 (2/ 



2ni (q~ 



2 f;g 2 )oo(f;g 2 )oo(g 6 t;g 2 )oo(g 4 t;g 2 



fS' 6 -* are obtained from by the replacement 



-e;g 4 )ooE ^ (-£ 2 ;<? 4 )oc E • 



neZ 



We have reserved odd £ for convenience of (anti-)symmetrization with respect 



to £, which is necessary to obtain expressions of f/ 7 - (cf. Section 



6.2 Simplified formula for the VO n-point function at 

We have seen that the formula for the VO two-point functions gets greatly 
simplified when specialized at £ = q 2 . This feature holds as well for the VO 
n-point functions; the number of integrals reduces to \n at £ = q 2 . 

A simplified formula for the VO n-point function at £ = q 2 is obtained 
as follows: first we expand the Pfaffian in the formula ([52] ) or (|53|) into 
(n — l)(n — 3) • • - 3 • 1 terms, each of which being a product of n/2 fermion 
two-point functions, say, 



deform the contours of w r2 , w r4 , . . . , w rn and evaluate minus the residue at 



G(w ri ,w r2 )G(w r3 ,w rA ) ■ ■■G(w rn _ 1 ,w rn ); 
ur 

q 2 w ri , q 2 w r3 , . . . , q 2 w rn _ l , respectively, as in the case of two-point functions 
in the previous subsection; let £ — > q 2 ; then we get an formula containing 
only w n , w r3 , . . . , uv n _i contour integrals (the rest terms with more integrals 
vanish) . 

Practically we are to replace 



r 2 j-i 
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for all j = 1,2,...,-, remove § r = r 2 , r 4 , . . . , r n , and put £ = q 2 , 
w r 2 — q 2w r 2 -i,j — 1)2, • ••,§■ Then we obtain a simplified formula at 

6.3 Application to an integrable 5=1 spin chain 

The spin n-point function for the integrable S — 1 spin chain (the spin-1 



analog of the XXZ model) is given by the formula ([18]) with k = 2; note that 

(g 2 ;g 4 )oo/(g 6 ;g 4 )oo = i-g 2 . 

The formula can be written in terms of F: 

(E injn ® • • • ® E hjl )<ti zi = e -(-i)-+Er=x^- 1 ) 

X g 2n+ Er=l( 2 - i ')( 1 - i ')(l - g 2 )»[2]-#{ 1 ^ n l < «= 1 }iiJ 



2/.') 

x II z i ■ F fe-ii,...,fe-wn,.,ii (^i?~ 2 ' • • • > ^" 2 , ^n, • • • , Zi\q 2 , q- 1 ) (55) 
1=1 

where stands for [F^] a °, [¥ { ^} ai , F (1,e) for m = 0,2,1, respectively, 
p = A + Ai = 2d + \ol (in our representation), A m = (2 — m)A + mAi, 
( , ) being given in (|^). (This formula for m = 1 appears to depend on 
our choice of realization V(Aq + Ai) = J 7 ^, e = ±1; but it does not actually 



as can be seen if we substitute fl5"3|) . 



For the spin chain correlations we set z\ — ■ ■ • z n \ equation (p5|) itself with 
general [z,\, . . . , z n ) is the correlation function of the inhomogeneous vertex 
model. The range of the parameter g is — 1 < g < 0; but it might be extended 



to |g| < 1 (cf. Sectioning). 

As an example we consider the spin one-point functions, which are related 
to VO two-point functions, and represented by a single contour integral re- 
spectively. It is easily seen that identities (Ejj)^" 1 ^ = (E 2 ~j,2-j) ( - x ' 2 ~ m \ j = 
0, 1, 2, hold. If we expand the expressions in q by hand we get 

(£ 22 >i 2A °) = 1 - 2q 2 + 5g 6 - 2q 8 - 9g 10 + 3g 12 + 19g 14 + 0(g 16 ), 
(£oo>! 2Ao) = 2g 4 + g 6 - V - 9g 10 + 7q 12 + 19g 14 + 0(g 16 ), 
(E n )f Ko) = 2q 2 - 2g 4 - 6g 6 + 6g 8 + 18g 10 - 10g 12 - 38g 14 + 0(g 16 ), 
(E 00 )i A ^ = 2q 2 - 4g 4 + 2g 6 + 6g 10 - 4g 12 - 6g 14 + 0(g 16 ), 

(^(Ao+AO = 1 _ Aq 2 + gq A _ 4g 6 _ 12g 10 + gq l2 + Uq U + Q^lSy 
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From this list we have 



«\(2Ai) 



1 - 2q 2 



2q 4 + 4g 6 + 2q 8 - 4g 12 + 0(q 16 ) 



and ( s ^)( A o+Ai) = 0; the both agree with the Bethe Ansatz results in Ref . [O 
We note that the equation for (s^)^ 2Al ^ in Ref.|]T7| can be factorized as 

^(2Ai) _ („2, „2\2 
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Appendix: Boson fermion calculus 

In this Appendix we assemble formulae of normal ordering and traces needed 
for deriving or proving formulae in the text. Among other things we must 
be careful with the Ramond fermion. 



A.l Boson calculus 

Normal ordering 

A normal order product : A : of an element A of the boson algebra is de- 
fined as usual: annihilation operators are placed at the right to the creation 
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operators; for example, : a m a- n := a_ n a m (m,n > 0). 

We collect here formulae for the normal ordering of exponentials of boson 
operators which are used in this paper; recall that 

$ 2 (z) = F < (z)F > (z)e a (-q 4 z)^ : 
x + {z) = [2}^E+(z)E+(z)(f)(z)e a z^ da , 
x -(z) = [2]^E-(z)E-(z)(f)(z)e- a z^ da , 

where 

F K {z) = exp ( £ ^ 5m n, F^z) = exp ( - £ ^f^^ 
E$(z) = exp ( £ ^~ m n, E+{z) = exp ( - £ ^Lg-™*-™), 

= exp ( - £ |^y^ m ), = exp ( £ |^J^~ m ); 

we have the following: 

F>(z 1 )S-(2 2 ) 
E-^F^Zi) 

e;( Zi )e-(z 2 ) 



(l-q 2 z 2 /z 1 )F < (z 2 )F > (z 1 ), 

i-X/ z . E < iz2)F>izi) ' 

T^h^ F<{Z2)E > {zi1 

(l-q 2 z 2 /z 1 )E-(z 2 )E-(z 1 ), 



F > (z 1 )F+(z 2 ) = (l- ? -V^i)^<(^)F>(^i), 
F+(z 1 )F < (z 2 ) = (l-q 4 z 2 /z 1 )F < (z 2 )E+(z 1 ), 
E+( Zl )E+(z 2 ) = (l-q- 2 z 2 /z 1 )E+(z 2 )E+(z 1 ), 



Et( Zl )E-(z 2 ) = - - - E-(z 2 )EZ( Zl ), 



1 

1 - z 2 jz x 

E-( Zl )Et(z 2 ) = -^—-Et(z 2 )E-( Zl ); 

1 — Zo / Z\ 



z 2 /zi 

the right hand sides are normal order products. 
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Traces of boson exponentials 



tr pa(x^™>o mN ™ exp(- a ~ m f m ) exp(^ a m /_ m )) 

m>0 m>0 
oo j oo ^.m 

= n t— ^ x n ex p( - k,a- m ]/ m /- m — — ). 

m=l 1 x m=l 1 x 

We have used 

V n] x n = 1 ( X ) k 

^ k k\(n-k)\ l-X K l-X> ' 

Further specialization [a m ,a_ m ] = [2m] 2 /m, A m = ^/ m , ^4- m = j£]/-m 
and / m /_ m = E y e^t/™ yields 

tr ^(a;S->o mJV -exp(- ^ a_ m / m )exp(^ a m /_ m )) 

m>0 m>0 

A. 2 Neveu-Schwarz fermion 
Operator product expansions 

Operator product expansions of two and three Neveu-Schwarz fermion fields 
are 

0(u>i)0(u> 2 ) = ((j>(w 1 )(f>(w2))+ : (f>(w 1 )<f>(w 2 ) (56) 

0(Wl)0(w 2 )0(w 3 ) = (0(Wl)0(w 2 ))0(w 3 ) - (0(Wl)0(w 3 ))0(w 2 ) 

+ (0(u> 2 )0(u> 3 ))0(u>i) + : 0(wi)0(w 2 )0(w 3 ) : (57) 

where the singular part is 

(w2\i/ 2 (\ _ m.) 

(0M0M) = 



'l_ g 2«a)(i_ g -2sa) 
and the product 0(u>i)0(u> 2 ) is defined in a region l? 2 ^!, I 1 ? -2 ^! < 1- 
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The normal order products are defined as usual by 

m,n 

: 0(wi)0(w 2 )0(w 3 ) : = N\<p m <Pn<Pi]w^ m W2 n Wz l 

m,n 

where Af is defined for two-products by 

Af[<f>m<f>n] = -<Pn<Pm if 171 > 0,11 <0 

= 0m 0n otherwise 

and similarly for three-products; note that they are totally anti-symmetric: 
for example, : 0(wi)0(w 2 ) := — : 0(w 2 )0(ifi) :• 

Traces: Wick's theorem 

The n-point function of fermion fields is written by a Pfaffian of a matrix 
whose entries are two-point functions (Wick's theorem). 
Introduce a notation 

Noting that [4>±m,Nt\ = ±0 ±m (m > 0), e d U±U~ 2d * = £ ±2m 0±m(m > 0), 
we can derive the following: 

1 „2m I _— 2m 



«0M---0K)» 



Pf G if n = even; 
if n — odd, 



where a nxn anti-symmetric matrix G = (Gy) is defined by = G(wi, Wj) 
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A. 3 Ramond fermion 

Operator product expansions 

It seems convenient to define the singular part and the normal order product 
(artificially) by 



(0(Wl)0(w 2 )) 



1 (! + %)(!-%) 
[2] (1-^)(1-T 2 ^)' 



m,n 

: 0(tUi)0(tu 2 )0(tU3) : = ■A/ , [0(wi)0(tu 2 )0(w 3 )] 

-(0O) 2 [0(W!) - 0(w 2 ) + 0(W 3 )] 

so that the normal order products are totally anti-symmetric: for example, 
we have : 0(wi)0(w 2 ) := — : 0(w 2 )0(ii>i) :. 

Operator product expansions are the same as for the NS fermion, given 

by ©, (0). 

Traces: Wick's theorem 

We can write the n-point function of the Ramond fermion fields in terms of 
a Pfaffian; in this case the function for odd n does not vanish. 
Define 

{{A}} s ^Af^ Tt given in 



Direct computation yields tr 2d ) = (— £ 2 ;£ 2 )oo- We have 

= ((00)) = MO- ® f J J )» = ^o ( ^;^ 



mez 



g + r 1 ^^! i + e 2m 



and in general 

(((j)(wi) ■ ■ -(f)(w n ))) = Pf G ± according to n = even, odd 
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where if n =even G + is an anti-symmetric n x n matrix with entries = 
((4>(wi)<f>(wj))) for i < j; if n =odd then G~ is an anti-symmetric (n + 1) x 
(n + 1) matrix 

i I 0,l,...,n V 

J - 0,1,. ..,71 i' 



G 



1 r _. ^ /w jr g 2m +f 2m 



+ E ( 



2m 



}, 1 < i < j < n; 



GZ = «0o», l<j<n. 



We note that [<f> , = 0, £ 2d0 0o£ 2<i ^ = 0o, and their consequence 



removed 



(i+(-i) n r mi )((0 mi ---0 m 

from this equation we can derive the last result 



3=1 
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